Abstract: We investigate the interaction of spin-2 fields with those of the Standard Model in a model independent framework. We have considered interactions where the spin-2 fields couple to two sets of gauge invariant tensorial operators that are not conserved unlike the energy momentum tensor with different coupling strengths. Such interactions not only change the ultraviolet behaviour of the couplings but also expand the scope of the searches of spin-2 particles at the colliders. We present all the relevant renormalisation constants up to three loop level in QCD and also the form factors that contribute to potential observables. This sets the ground to investigate the phenomenological consequences of these interactions with spin-2 fields through more than one tensorial operator.
Introduction
The discovery of the Higgs boson by ATLAS [1] and CMS [2] collaborations at the LHC has put the Standard Model (SM) on a strong footing. The ongoing precise measurements with the Higgs boson will shed light on the nature of its coupling to the particles of the SM. While the SM has been enormously successful, it is not a complete theory of particle physics. For example, it does not accommodate dark matter, non-zero neutrino mass etc. These are some of the compelling reasons to go further to investigate the physics beyond the SM (BSM). In this context, supersymmetric extensions of the SM have been studied intensively both theoretically as well as experimentally. Similarly, models with extra dimensions, the strong contenders to SUSY, have also been studied extensively. These models contain extra degrees of freedom through additional spin-2 bosons.
In the ADD [3] [4] [5] and the RS [6] models spin-2 particles couple to the SM particles through energy momentum (EM) tensor of the SM with a single coupling denoted by κ. The phenomenology with this universal coupling has been studied rigorously. There are also phenomenological investigations with spin-2 particles with non-universal coupling to the SM particles. While the later may not belong to any of the popular extra-dimensional models, they can provide an opportunity to study the distinct signatures at the colliders which is not possible with theories with universal couplings. Independent of the nature of these couplings, these are effective theories and hence non-renormalizable in the conventional sense. In the ADD and the RS, thanks to conservation of EM tensor of the SM, the leading interaction term that describes the coupling of spin-2 with those of the SM does not require any additional renormalisation. To this order in the coupling, which is good enough for all the phenomenological studies, the infrared (IR) structure of the SM is also not affected and hence factorisation properties continue to hold. This allows us to compute successfully various observables beyond leading order in the SM coupling using perturbative methods. All the infrared singularities do cancel giving finite perturbative results that can be used to constrain the model parameters unambiguously. While this is true with theories with interaction term containing conserved EM tensor, it is not clear how the ultraviolet (UV) and IR structure would look like when spin-2 couples to particles of the SM with different (non-universal) couplings.
Soon after the discovery of the 125 GeV boson, these models with spin-2 non-universal coupling, have become important in the context of imposter to the Higgs boson [7] [8] [9] . This was necessary to extend the scope of spin-2 models as the experimental bounds on RS resonance (universal coupling) was much higher [10] [11] [12] [13] [14] [15] [16] [17] . To NLO in QCD the UV and IR behaviour for the non-universal couplings for a spin-2, had been studied in the context of Higgs Characterisation [18] . UV renormalisation is needed as a result of the non-universal couplings and with regard to the IR structure, the double and single pole terms contained the appropriate universal IR coefficients that canceled against those coming from real emission processes and mass factorisation counterterms. This was a demonstration of IR factorisation to NLO for the non-universal couplings scenario [18] . Recently, in the context of the 750 GeV spin-2 resonance with non-universal couplings have been considered [19] to NLO+Parton Shower (PS) accuracy.
The SM at the LHC is being scrutinised at an unprecedented level of precision. It is only natural to have the competing BSM scenarios, match the same order of accuracy in QCD as the SM observables. At hadron collider, the first step to such a phenomenological study would be to compute form factors to the production of a singlet on shell state X via the quark→ X or gluon gg → X production channels, to the same order of accuracy. Presently, form factors are available to up to three-loop level in the SM [20] [21] [22] [23] [24] , for some BSM spin-2 that couples to the EM tensor [25, 26] and for the pseudo-scalar Higgs boson [27] . NLO QCD corrections have been computed for the extra dimension models viz. ADD and RS for most of the di-final state process [28] [29] [30] [31] [32] [33] [34] [35] and this has been extended to NLO+PS accuracy [36] [37] [38] . Recently, for the di-lepton production to NNLO order in QCD for the ADD model was computed [39] .
In this article, we investigate the UV structure of the interaction term up to three loop level in QCD. We restrict ourself to QCD sector of the SM because the phenomenology with such operators have immediate application at the LHC where such interactions are probed by strong interaction. There are of course many ways spin-2 can couple to the SM. Here, we study the minimal version where spin-2 fields couple to QCD through two different operators with two different couplings, each operator is invariant under gauge group of QCD. Note that spin-2 is gauge singlet. These operators are rank-2 but unfortunately not conserved unlike EM tensor of QCD [40] . As a consequence of this, both the operators as well as the couplings get additional UV renormalisation order by order in perturbation theory.
In addition, we intend to compute the on-shell form factors of these operators between quark and gluon states that are important ingredients of any observable at the LHC to study such interactions. In this article we achieve this by computing the on-shell form factors of these operators. This is possible, thanks to the universal IR structure QCD amplitudes even in the case of a non-universal spin-2 coupling.
In section 2, we describe the theoretical framework, which include the details of the interaction Lagrangian, UV and IR renormalisation procedure. Computational details, the unrenormalized form factors and anomalous dimensions to three loop level are given in section 3. Finally, we present our conclusions in section 4.
Theoretical Framework

The Effective Action
The minimal effective action that describes the coupling of spin-2 fields denoted by h µν with those of QCD consists of two gauge invariant operatorsÔ G,µν andÔ Q,µν 1 :
whereκ I , I = G, Q are dimensionful couplings. G denotes the pure gauge sector, while Q denotes the fermionic sector and its gauge interaction. The gauge invariant operatorŝ O G,µν andÔ Q,µν are given bŷ
whereÂ a µ ,ψ,ω a and h µν are gauge, quark, ghost and spin-2 fields, respectively.ĝ s is the strong coupling constant andξ is the gauge fixing parameter. The hat on all the quantities indicate that they are bare/unrenormalized. T a and f abc are the Gell-Mann matrices and structure constants of SU(N) gauge theory, respectively. In the above, we have retained terms only up to orderκ and in the rest of the paper, we restrict ourselves to this approximation.
Ultraviolet renormalization
Note that the sumÔ G,µν +Ô Q,µν is nothing but the EM tensor of QCD. Unlike the EM tensor, neither of these composite operators is individually conserved and hence are not protected by QCD radiative corrections. In other words, they develop additional UV divergences which need to be factored out in terms of UV renormalisation constants and then removed by renormalisation procedure. This is achieved by renormalizing bare coupling constantsκ I , I = G, Q with the help of those renormalisation constants. The resulting interaction terms expressed in terms of renormalised operators with appropriate renormalised couplings are guaranteed to predict UV finite correlation functions to all orders in strong coupling constant. Note that, the operatorÔ G,µν is free from quark fields which means in the theory where spin-2 field couples exclusively to the pure Yang-Mills, the operatorÔ G,µν is conserved. However, in the presence of the quark fields in QCD, this property ceases to hold true beyond tree level.
The most commonly used method of obtaining the renormalisation constants in quantum field theory is to compute off-shell amplitudes and extract the UV divergent contributions order by order in perturbation theory. For composite operators, there exists an alternative approach, namely, method of the operator product expansion. We will not follow any of these approaches in this article. Instead, we apply the method discussed in [27] to obtain both UV renormalisation constants as well as on-shell form factors of these operators. In [27] we have demonstrated that UV renormalisation constants of composite operators can be extracted order by order in perturbation theory from their on-shell form factors exploiting their universal IR structure. Note that the renormalised on-shell form factors are important components of higher order radiative corrections to observables as they give contributions to the pure virtual part and hence will be useful for further studies.
We use dimensional regularisation to regulate both UV and IR divergences. The space-time dimension is taken to be d = 4 + ǫ. Both these divergences appear as poles in ǫ. Introducing the scale µ to keep the bare strong coupling constantâ s ≡ĝ 2 s /16π 2 dimensionless, we relate bare strong coupling constantâ s to the renormalised one a s ≡ a s µ 2 R , at renormalisation scale µ R , througĥ 
The renormalization constants Z IJ satisfy following renormalization group equation (RGE)
where γ IK 's are the corresponding anomalous dimensions and the summation over repeated index is understood. The general solution to the RGE up to a 3 s is obtained as
where, γ IJ is expanded in powers of a s as
The second term of the Lagrangian can be written in terms of renormalised quantities:
where the κ I are related to the bare ones bŷ
Infrared structure
In the colour space, the matrix elements of unrenormalized composite operatorsÔ I , I = G, Q between a pair of on-shell partonic states i = q, g and the vacuum state are expanded in powers of bare coupling constantâ s as
where i = q, q, g. In terms of these, we can define the on-shell form factor ofÔ I , I = G, Q by taking the the overlap of |M I i with its leading order amplitude normalised with respect to the leading order contribution. Given these two operators, one finds four independent form factors:
Note that, the non-diagonal amplitudes i.e. |M Q,(n) g and |M
, start at one-loop level and hence, the corresponding form factors start at O(â s ).
The form factors are often ill-defined in 4-dimensions even after UV renormalisation due the presence of infrared divergences when massless modes are present. The massless gluons and light quarks and anti-quarks bring in these IR divergences beyond the leading order in perturbation theory. As we mentioned earlier, we regulate both UV and IR divergences using dimensional regularisation without disturbing the gauge symmetry of the theory. The UV divergences are renormalised away by coupling constant as well as overall operator renormalizations. The resulting UV finite form factors will contain IR divergences which appear in terms of poles in ǫ. Thanks to factorisation properties and universality of these IR divergences, these on-shell form factors satisfy Sudakov differential equation, famously known as K-G equation 2 . A generalisation to multiparton amplitudes up to two loop level in QCD was proposed by Catani [43] using the universal IR dipole subtraction operators, see also [44] . The generalisation of IR subtraction operators of Catani beyond two loops were proposed by Becher and Neubert [45] and by Gardi and Magnea [46] . Following closely the notation used in [47] , we find that the UV finite form factors F I,i (â s , Q 2 , µ 2 , ǫ), after performing strong coupling constant and operator renormalizations, satisfy the integro-differential K-G equation [48] [49] [50] [51] given by
where the Q 2 = −q 2 = −(p 1 + p 2 ) 2 with p i being the momenta of external on-shell states.
The Q 2 independent function K i contains all the poles in the dimensional regulator ǫ and the terms, finite in ǫ → 0, are encapsulated in G I,i . The solutions present a universal structure of the singularities, except the single pole in ǫ. Single poles are controlled by the finite functions G I,i . We find
where A i are cusp anomalous dimension that do not depend on the type of operator I. In [20, 52] , it was first observed that the coefficient G I,i of the single pole in ǫ manifests a universal structure, in terms of the anomalous dimensions. In [52] , the factorization of the single pole in quark and gluon form factors in terms of soft and collinear anomalous dimensions was first revealed up to two loop level whose validity at three loop was later established in the article [20] . That is, expanding G I,i as
where, the constants C I,i n up to three-loop are [53] C I,i
(2.18)
In the above expressions, X I,i n with X = A, B, f are defined through
The constant G I,i n (ǫ) in Eq. 2.17 depends not only on the universal collinear (B i n ) and soft (f i n ) anomalous dimensions, but also the operator as well as process dependent constants g I,i,k n . In other words, except g I,i,k n , the solution to the K-G equation contains only universal quantities such as A i , B i and f i , in addition to β i . Since, A i [54] [55] [56] [57] [58] [59] ,B i [55] and f i [20, 52] are known up to three loop level, we can use the solution to K-G equation to determine the renormalisation constants Z IJ . Hence our next task is to compute the on-shell form factors order by order in perturbation theory and compare them against the predictions of K-G equation to determine the unknown renormalisation constants γ IJ in Z IJ . Using these renormalisation constants, we obtain UV finite on-shell form factors of O I up to three loop level.
Computation and Results
In this section, after a brief discussion on how we have performed the computation, we present the unrenormalized form factorsF I,i,(n) and the anomalous dimensions γ IJ up to three loop level. We closely follow the steps used in the derivation of three loop unrenormalized form factors of scalar and vector form factors [23, 24] , see also [26, 27, 60] . The relevant Feynman diagrams are generated using QGRAF [61] . The numbers of diagrams contributing to three loop amplitudes are 1586 for |M where all the external particles are considered to be on-shell. The QGRAF output is suitably converted to a format that can be further used to perform the substitution of Feynman rules, contraction of Lorentz and colour indices and simplification of Dirac and Gell-Mann matrices. We have used a set of in-house routines written in the symbolic manipulating program FORM [62] to achieve them. We have included ghost loops in the Feynman gauge. For the external on-shell gluons, we have kept only transversely polarization states of gluons in n-dimensions. The resulting large number of integrals are further reduced to fewer scalar integrals, called master integrals (MIs), using integration-by-parts (IBP) [63, 64] and Lorentz invariance (LI) [65] identities. While the LI identities are not linearly independent from the IBP identities [66] , they however help to accelerate to solve the large number of equations resulting from IBP. Reduction to MIs is achieved using Laporta algorithm, [67] implemented in various symbolic manipulation packages such as AIR [68] , FIRE [69] , Reduze2 [70, 71] and LiteRed [72, 73] . We first use Reduze2 [70, 71] to shift loop momenta to get suitable integral classes and then make extensive use of LiteRed [72, 73] to perform the reductions of all the integrals to MIs. We find that at three loop level, there are 22 topologically different master integrals (MIs) involving genuine three-loop integrals with vertex functions (A t,i ), three-loop propagator integrals (B t,i ) and products of one-and two-loop integrals (C t,i ). Each integral has been computed analytically as a Laurent series in ǫ and they can be found in [74] [75] [76] [77] [78] . The entire set can also be found in the appendix of [23] . Substituting these MIs, we obtain the unrenormalized form factors which are listed below: , (3.8) , (3.14) Having computed the unrenormalized form factors, our next task is to determine the operator renormalisation constants Z IJ . As we explained in the previous section, we can determine them by exploiting the universal IR structure of the form factors. We determine these constants by comparing order by order the results of renormalised form factors expressed in terms of unknown γ IJ against the predictions of the K-G equation expressed in terms of A i , B i and f i anomalous dimensions that are known to three loop level. The γ IJ thus extracted are listed below:
The remaining entries are γ
GG and γ
GQ where n = 1, 2, 3. This is indeed a consequence of the fact that the sum of these operators is conserved. This provides a crucial check on the correctness of our computation. Note that, all the γ (n)
GG are proportional to n f which is consistent with the expectation that the conservation property of the operator O G,µν breaks down beyond tree level due to the presence of quark loops.
The renormalised form factors can be obtained using Eq.(2.4,2.5,2.6,2.8). Setting µ 2 R = Q 2 , expanding in terms of a s (Q 2 ) as
where F I,i,(n) up to three loop level are given by
The explicit results of the above renormalised FFs can be obtained from the authors on request.
Leading Transcendentality principle
Recently, on-shell form factors in supersymmetric Yang-Mills theory have attracted a lot of attention to understand their field theoretic structure. There are already several results [79] [80] [81] in N = 4 super Yang-Mills (SYM) with gauge group SU(N). N = 4 SYM is UV finite in d = 4 dimensions and also dual to type IIB string theory on AdS 5 × S 5 with self dual RR field strength. This implies that one can relate quantities computed in N = 4 SYM in the strong coupling limit with those obtained in the weak coupling limit of the gravity theory. There have been efforts to compute on-shell amplitudes, correlation functions and form factors in SYM using perturbative approach to very good accuracy to make non-perturbative predictions through systematic resummation procedures. The important advances in this direction include resummation of perturbative contributions [82, 83] to MHV amplitudes to all orders in 't Hooft coupling. The developments in this direction have not only improved our understanding of the quantum field theories in general but also provided very sophisticated analytical tools to compute multi-loop multi-leg processes that are essential in the present collider phenomenology. Thanks to maximal supersymmetry in N = 4, large cancellations between various contributions result in elegant and simple looking predictions that have lot of resemblance with those in QCD. For example, the leading transcendentality principle [84] [85] [86] relates anomalous dimensions of the twist two operators in N = 4 SYM to the leading transcendental (LT) terms of such operators computed in QCD. Due to the presence of massless modes both in QCD and SYM, the IR divergences show up when loop corrections are involved. The IR regulated results for the scattering amplitudes and form factors can be expressed as a linear combinations of polylogarithmic functions whose maximum degree of transcendentality depends on the order of perturbation theory. Unlike QCD which receives contributions from all degrees of transcendentality up to 2l, where 'l' denotes the order in perturbative expansion, certain scattering amplitudes and FFs in N = 4 SYM exhibit uniform transcendentality at each order.
Interesting relation between QCD quark and gluon form factors [23] and scalar form factor in SYM has been observed up to three loop. If we replace [85] the colour factors C A = C F = N and n f = N in the quark and gluon form factors, then their LT parts not only coincide with each other but also become identical, to the form factors of half-BPS scalar operator in N = 4 SYM [81] . Similar behaviour was observed for the diagonal pseudo-scalar form factors F G,g and F J,q in [27] . A similar relation for three point form factors at two loop level between LT terms of H → ggg in QCD [87] and those of half-BPS operator in N = 4 SYM were found in [88] .
In the present context, we have found the LT terms of the diagonal form factors, F G,g ,F Q,q with the above prescribed colour replacement, are not only identical to each other but also coincide, with the LT terms of the scalar form factors in N = 4 SYM [81] . This is true for terms proportional to positive powers of ǫ available up to transcendentality 8 [89] . On the other hand, the LT terms of the off-diagonal ones namely,F G,q ,F Q,g , while identical to each other after the replacement of colour factors, do not coincide with those of the diagonal ones.
Conclusions
In this article, we have studied in detail the theoretical issues with the interactions of spin-2 fields with those of the SM. We have considered a set of gauge invariant tensorial operators constructed out of fields of the SM that couple to spin-2 fields. These operators are in general not conserved like the usual EM tensor. Hence they require additional renormalisation. To compute these additional renormalisation constant, we have exploited the universal infrared structure of on-shell amplitudes with composite operators. Computing these form factors order by order in perturbation theory and using the K-G equation we obtain the UV anomalous dimensions and the renormalisation constants up to three loop level. The renormalisation constants and the on-shell FFs are important components of observables that can probe the physics of spin-2 fields. We have reserved the detailed phenomenological study with these two operators at the LHC for future publication [90] .
